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In addition to the well known topological semimetals (Dirac and Weyl semimetals), a new type of Weyl
semimetal with a topological charge (n) larger than one, namely, multi-Weyl semimetal (m-WSM), has been
realized in condensed matter experiments. Though the chiral anomaly induced magneto-transport phenomena
have been extensively studied in single Weyl semimetal (n = 1), it has not been addressed in the context of
multi-Weyl semimetals (n > 1) so far. Using semiclassical Boltzmann transport formalism with the relax-
ation time approximation, we investigate several intriguing transport properties such as longitudinal magneto-
conductivity (LMC), planar Hall effect (PHE), thermo-electric coefficients (TEC) and planar Nernst coefficient
(PNE) in m-WSMs considering coplanar magnetic field and electric field or temperature gradient setup. Starting
from the linearized model, we show analytically that at zero temperature both LMC and planar Hall conductivity
(PHC) vary cubically with topological charge (n3) while the finite temperature (T 6= 0) correction is propor-
tional to (n + n2)T 2. Interestingly, we find that both the longitudinal and transverse TECs vary quadratically
with topological charge (i.e., n2). We find universal magnetic field and angular dependencies of all the above
transport coefficients. Moreover, in order to verify the analytical findings, we simultaneously investigate their
behavior with magnetic field, angle, temperature and chemical potential numerically using the lattice model for
m-WSMs. Our analysis with temperature and chemical potential suggests that the chiral anomaly and chiral
magnetic effect terms dominate in the transverse part of electrical conductivity and TEC, respectively, while
Drude contribution becomes significant for the longitudinal coefficients. We comment also on the possible
lattice effects for the deviation of numerical results from the analytical one.
I. INTRODUCTION
In the field of three dimension (3D) topological systems,
Weyl semimetal (WSM) has emerged as prime topic of in-
terest. In condensed matter physics, Weyl Fermion appears
as a low energy excitation of gapless chiral Fermion near the
touching of a pair of nondegenerate bands1–9. The non-trivial
topological properties of the WSMs appear due to Weyl nodes.
The Weyl node describing the singularity in k-space acts as a
source or sink of the Berry curvature. According to no-go
theorem, the Weyl nodes always come in pairs of positive and
negative topological charges (also called chirality) and total
topological charge in the Brillouin zone vanishes10,11. In or-
der to have a topological charge (n) associated with the Weyl
node, WSM has to break either time reversal symmetry (TRS)
or the space inversion symmetry (IS). The topological charge
whose strength is related to Chern number ( Gauss’s theorem)
is quantized to integer values12.
The WSM phase has been realized experimentally in sev-
eral inversion asymmetric compounds (TaAs, MoTe2, WTe2)
without breaking TRS13–17. However, all of these materials
mentioned above are belong to single-Weyl semimetal, whose
energy dispersions are linear in wave vectors and topologi-
cal charge equals ±1. Recently, it has been proposed that the
multi-Weyl fermions can also be realized in condensed mat-
ter physics18–20. The m-WSMs are referred to those materials
which contain Weyl nodes with topological charge higher than
1 (i.e. n > 1). The quasi-particle dispersion for n > 1 shows
natural anisotropy in dispersion. The double-WSM (n = 2)
and triple-WSM (n = 3) show linear dispersion along one
symmetry direction and quadratic and cubic energy disper-
sion relations for other two directions respectively. From the
DFT calculations, it has been suggested that HgCr2Se4 and
SrSi2 can be the candidate materials for double-WSM18–20
whereas the triple-WSM can be realized in A(MoX)3 (with
A = Rb, TI; X = Te) kind of materials21. Discrete rota-
tional symmetry in a lattice imposes a strict restriction that
only the Weyl nodes with topological charges n ≤ 3 can be
permitted in real materials22. Moreover, the single-WSM can
be viewed as 3D analogue of graphene whereas the double-
WSM and triple-WSM can be represented as 3D counterparts
of bilayer23 and ABC-stacked trilayer graphene24,25, respec-
tively.
The elementary WSM exhibits several fascinating transport
properties in the presence as well as absence of external fields.
Negative longitudinal magnetoresistance (LMR) and planar
Hall effect (PHE) are two most important transport proper-
ties which appear due to the non-conservation of separate
electron numbers of opposite chirality for relativistic mass-
less fermions, an effect known as the chiral or Adler-Bell-
Jackiw anomaly2,8–11,26–30. In recent years, these two trans-
port properties in single WSM are extensively studied both
theoretically and experimentally31–49. It is now natural ques-
tion to ask that how LMR and PHE behave in m-WSMs. In
particular, the effects of enhancement of the density of states,
anisotropic nonlinear energy dispersion, and modified spin-
momentum locking structure on LMR and PHE in m-WSMs
are not addressed so far.
In general, the generation of a transverse electric field in
the presence of a transverse temperature gradient refers to the
Nernst effect. The conventional Nernst effect appears due
to Lorentz force in a system in the presence of an external
magnetic field applied perpendicular to the temperature gra-
dient. This setup will have an induced electric field normal
to both. On the other hand, anomalous Nernst effect (ANE)
appears only due to the anomalous velocity of the quasi-
particle generated by non-trivial Berry curvature. Using the
Nernst setup, the thermo-electric phenomena such as Peltier
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2coefficient, Nernst effect and longitudinal magneto-thermal
conductivity are well studied in the context of single-Weyl
semimetal36,50–56. Inspired by the PHE, one can consider a
situation where both the thermal gradient ∇T and magnetic
field B are in-plane but not parallel to each other. These re-
sult in an in-plane transverse voltage and this phenomena is
referred as the planar Nernst effect (PNE). This effect is dif-
ferent from the conventional Nernst effect as well as ANE.
Actually, PNE is the thermal counterparts of the PHE where
electric field E is replaced by∇T. In the planar Nernst setup,
the response of thermo-electric coefficients in the context of
m-WSMs has not been explored yet.
Having stated the current research trends, we focus on the
transport coefficients in m-WSMs considering the co-planar
setups. To be precise, first, we calculate the LMC and PHC
analytically considering a linearized model. We find that zero
temperature LMC and PHC go as n3 while the finite temper-
ature correction is O((n + n2)T 2). Next, we find longitudi-
nal thermo-electric coefficient (LTEC) and transverse thermo-
electric coefficient (TTEC) (usually referred as the Peltier co-
efficient) both go as n2T . Therefore, the multi-Weyl nature
shows up distinctly for LMC, PHC and LTTC, TTEC. We find
that LMC and LTEC show B2 cos2 γ dependence for all the
cases (n = 1, 2, 3) whereas PHC and TTEC are proportional
to B2 sin γ cos γ. Here, γ is the angle between B and E for
the setup of PHE or between B and ∇T for the measurement
of thermo-electric coefficients. Using all these coefficients,
we calculate the functional form of planar Nernst coefficient
which is also proportional to B2 sin γ cos γ. Moreover, in or-
der to verify our analytical findings, we numerically investi-
gate the magnetic field dependence, angular dependence, tem-
perature dependence and the gate voltage dependence of all
the above mentioned coefficients considering the lattice mod-
els for m-WSM. We systematically show by varying tempera-
ture and gate voltage that chiral anomaly and chiral magnetic
effect maximally govern the behavior of transverse transport
coefficients while Drude part dominates for longitudinal coef-
ficients. We also comment about the lattice possible effects in
these quantities.
The rest of the paper is organized as follows. In the next
section (Sec. II), we introduce the linearized Hamiltonian
as well as TRS breaking lattice Hamiltonian for m-WSMs.
Sec. III is devoted to the general expressions of LMC, PHC,
TECs and PNE. In Sec. IV, analytical expressions using lin-
earized model and numerical results considering the lattice
models of m-WSMs are presented for magneto-transport and
thermo-electric transport coefficients (LMC, PHC, TECs and
PNE) . We discuss the magnetic field dependence, angular de-
pendence, chemical potential dependence and temperature de-
pendence of all the above mentioned quantities in detail. Fi-
nally, we summarize our results and discuss possible future
directions in Sec. V.
II. MODEL HAMILTONIAN
A. Linearized Hamiltonian
The low energy effective Hamiltonian describing the Weyl
node with topological charge (n) can be written as18,19,57
Hn (k) = αnk
n
⊥ [cos (nφk)σx + sin (nφk)σy]+vkzσz (1)
where k⊥ =
√
k2x + k
2
y and φk = arctan(ky/kx). Here, in
general, αn bears the connection to the Fermi velocity. For ex-
ample, α1 has the dimension of Fermi velocity, while α2 has
the dimension of mass. v is equivalent to the velocity associ-
ated with the z-direction. Here, σi (σx, σy, σz) are the Pauli
matrices representing the pseudo-spin indices. The above
Hamiltonian can be written in a compact form as H = nk · σ
with nk = (αnkn⊥ cos (nφk) , αnk
n
⊥ sin (nφk) , vkz). The en-
ergy dispersion of the Weyl node is given by
±k = ±
√
α2nk
2n
⊥ + v2k2z . (2)
where ± represents conduction and valence bands respec-
tively. It is clear from the Eq. (2) that the topological charge
determines not only the topological nature of the wave func-
tion but also the anisotropic energy dispersion of the system.
The Berry curvature of the mth band for a Bloch Hamilto-
nian H(k), defined as the Berry phase per unit area in the k
space, is given by 12
Ωma (k) = (−1)m
1
4|nk|3 abcnk ·
(
∂nk
∂kb
× ∂nk
∂kc
)
(3)
where m is the band index. The explicit form of the Berry
curvature associated with the Weyl node is given by
Ω±k = ±
1
2
nvα2n(k)
2n−2
3k
(kx, ky, nkz) , (4)
The quasi-particle velocities associated with Weyl node are
given by
vk =
1
k
(kxnα
2
nk
2(n−1)
⊥ , kynα
2
nk
2(n−1)
⊥ , v
2kz) (5)
B. Lattice Hamiltonian
We now discuss a prototype lattice model for multi-Weyl
semimetal that breaks TRS but remains invariant under inver-
sion. Generalizing the low-energy effective Hamiltonian of
a multi-WSM with broken TR symmetry, the corresponding
lattice model can be written as57
H = Nk · σ (6)
For the single-WSM with n = 1, Nk takes the form Nx =
t sin kx, Ny = t sin ky and Nz = tz cos kz − mz + t0(2 −
3FIG. 1. (Color online) 3D band dispersions of the lattice model of
multi-Weyl fermions (ky is suppressed) for (a) n = 1, (b) n = 2 and
(c) n = 3 respectively. The chemical potential is set at zero energy.
The Weyl nodes are at (0, 0, k0) and (0, 0,−k0).
cos kx − cos ky). In this model, the Weyl nodes are located at
K = (0, 0,±k0) with
cos(k0) =
t0
tz
[mz
t0
+ cos kx + cos ky − 2
]
(7)
One can expand the above Hamiltonian for k0 = ±pi/2
with mz = 0 to obtain the low energy Weyl Hamiltonian:
HWeyl,n=1 ' v(τ0σxkx + τ0σyky) + vzτzσzkz . Here, τν
represents the chirality of the model.
For the double-Weyl semimetal (n = 2), the form of Nk
becomes Nx = t(cos kx − cos ky), Ny = t sin kx sin ky and
Nz = tz cos kz−mz + t0(6 + cos 2kx+ cos 2ky−4 cos kx−
4 cos ky). The system described by the above contains two
Weyl nodes at (0, 0,±k0) with
cos(k0) =
t0
tz
[mz
t0
−(6+cos 2kx+cos 2ky−4 cos kx−4 cos ky)
]
(8)
One can similarly expand the above Hamiltonian around k0 =
0 and mz = 0. In this case, the low energy Hamiltonian for
double WSM is given by HWeyl,n=2 ' 1m (τ0σx(k2x − k2y) +
τ0σykxky) + vzτzσzkz .
Similarly, for a triple-Weyl semimetal with the topological
charge n = 3, one should replace Nk by Nx = t sin kx(1 −
cos kx − 3(1− cos ky)), Ny = −t sin ky(1− cos ky − 3(1−
cos kx)) andNz = tz cos kz−mz+t0(6+cos 2kx+cos 2ky−
4 cos kx − 4 cos ky). Here, the Weyl points are appeared at
k = (0, 0,±k0) with k0 followed by the Eq.(8). The low
energy triple WSM Hamiltonian is given by HWeyl,n=3 '
1
m (τ0σx(k
3
x − 3kxk2y)− τ0σy(k3y − 3k2xky) + vzτzσzkz .
The energy dispersions of the WSM for n = 1, 2, 3 are
shown in Fig. 1 along various high symmetry directions. It is
clear from the figure that the dispersion around a Weyl node
with n = 1 is isotropic in all direction whereas different for
double- and triple-Weyl node. In particular, the dispersion
along the z is different from the dispersion along x or y direc-
tion for both n = 2 and n = 3 cases.
III. SEMICLASSICAL FORMALISM FOR CALCULATING
TRANSPORT COEFFICIENTS
It has been shown that in the presence of electric field and
magnetic field, transport properties get substantially modified
due to presence of non-trivial Berry curvature which acts as a
fictitious magnetic field in the momentum space. In this sec-
tion, we will focus on some specific topological responses,
namely, longitudinal magnetoconductivity, planar Hall effect
and thermo-electric coefficients that could be observed in all
Dirac and Weyl semimetals. At the outset, we discuss the pla-
nar Hall and planar Nernst set up. In the low field regime, we
start from the quasi-classical Boltzmann transport equation.
We make resort to kinetic theory, a semiclassical framework
approach considering the assumption T  √B  µ, where
µ is the chemical potential, measured from the band-touching
point. In this regime, one can ignore the Landau quantization
of the energy levels and use semiclassical Boltzmann equa-
tion.
In the presence of external perturbative fields (for example,
electric field E and temperature gradient (∇T), the charge
current (J) and thermal current (Q) from linear response the-
ory, can be written as
Jα = L
11
αβEβ + L
12
αβ(−∇βT ) (9)
Qα = L
21
αβEβ + L
22
αβ(−∇βT ) (10)
where α and β are spatial indices running over x, y, z.
Here, L11αβ and L
12
αβ define the charge conductivity tensor and
thermo-electric tensor respectively. The tensors L12αβ and L
21
αβ
are related to each other by the Onsager’s relation : L21αβ=T
L12αβ . In the low temperature, the transport coefficients obey
the Mott relation as L12αβ = −pi
2
3e k
2
BT
∂L12αβ
∂µ .
The Boltzmann transport equation in its phenomenological
form can be written as58(
∂
∂t
+ r˙ · ∇r + k˙ · ∇k
)
fk,r,t = Icoll{fk,r,t} (11)
where on the right side Icoll{fk,r,t} is the collision integral
which incorporates the effects of electron correlations and im-
purity scattering. We are interested in computing the electron
distribution function which is given by fk,r,t. Under the relax-
ation time approximation with the parameter τ that quantifies
the average time between two successive collision, the steady-
state solution to the Boltzmann equation described in Eq. (11)
can be rewritten as
(r˙ · ∇r + k˙ · ∇k)fk = f0 − fk
τ(k)
(12)
where f0 is the equilibrium Fermi-Dirac distribution function.
We here ignore the momentum dependence of τ as the qual-
itative behavior of the result does not change. Now we shall
revisit the semiclassical equation of motion for an electron in
presence of Berry curvature59,60
r˙ = D(B,Ωk)[vk +
e
~
(E×Ωk) + e~ (vk ·Ωk)B] (13)
4~k˙ = D(B,Ωk)[eE +
e
~
(vk ×B) + e
2
~
(E ·B)Ωk] (14)
Here, D(B,Ωk) = (1 + e~ (B.Ωk))
−1 is the phase space fac-
tor as the Berry curvature Ωk modifies the phase space volume
element dkdx → D(B,Ωk)dkdx59 and vk = 1~ ∂k∂k is the
group velocity. Hereafter, we denote D(B,Ωk) by D. The
term (E×Ωk) represents the anomalous velocity perpendicu-
lar to the applied electric field, while the chiral magnetic effect
is due to (vk ·Ωk)B. Moreover, the term (E ·B) is responsi-
ble for chiral anomaly which arises in axion-electrodynamics
of WSM.
A. Setup 1: LMC and PHC
The setup 1 is considered for calculating transport coeffi-
cient in PHE. The PHE is defined through an induction of in-
plane transverse voltage when the co-planar electric and mag-
netic fields are not perfectly aligned with each other. In order
to get the general expression for planar Hall conductivity, we
first consider that the electric field (E) is applied along the
x−axis and B is rotated in x− y plane at a finite angle γ from
the x−axis, i.e. B = B cos γxˆ+B sin γyˆ, E = Exˆ
Using the equation of motion described in Eq. (13) and
Eq. (14), the general expression of the PHC in the above con-
figuration from the semiclasical Boltzmann equation can be
written as36,39,40
σyx = e
2
∫
d3k
(2pi)3Dτ
(
−∂f0∂
)
[(vy +
eB sin γ
~ (vk ·Ωk))
(vx +
eB cos γ
~ (vk ·Ωk))] (15)
Using the above setup, the expression for the longitudinal
magneto-conductivity is given by
σxx = e
2
∫
d3k
(2pi)3
τ [D(vx+
eB cos γ
~
(vk ·Ωk))2]
(
−∂f0
∂
)
(16)
B. Setup 2: Thermo-Electric Coefficient and Planar Nernst
Coefficient
In order to compute the thermo-electric coefficients
(TECs), we apply the temperature gradient (∇T ) is applied
along the x axis and the magnetic field is rotated in the x− y
plane in the absence of electric field i.e. B = B cos γxˆ +
B sin γyˆ, ∇T = ∇T xˆ, E = 0. This setup is inspired by
the PHE only electric field is replaced by thermal gradient .
From the linear response theory, one can write the LTEC in
this setup as
αxx = e
∫
d3k
(2pi)3
τ
(− µ)
T
(vx+
eB cos γ
~
(vk·Ωk))2
(
−∂feq
∂
)
(17)
and the TTEC i.e., Peltier coefficient can be written as
αyx = e
∫
d3k
(2pi)3 τ
−µ
T
(
−∂feq∂
)
[(vy +
eB sin γ
~ (vk ·Ωk))
(vx +
eB cos γ
~ (vk ·Ωk))] (18)
Moreover, using all the coefficients one can study the planar
Nernst effect which refers to an in-plane transverse voltage
when the ∇T and the magnetic field B are not aligned with
each other. The Planar Nernst coefficient in this setup can be
written as
ν =
Ey
−dT/dx =
αxyσxx − αxxσxy
σ2xx + σ
2
xy
(19)
IV. RESULTS
In this section, we will first discuss our analytical results
on LMC and PHC for the linearized model of multi-Weyl
semimetals. Then we explain our numerical results on these
quantities using lattice Hamiltonian. Next we will discuss
the dependence of thermo-electric coefficient (L12αβ) on var-
ious parameters using both linearized and lattice model of m-
WSMs. Finally we will comment on the functional depen-
dence of planar Nernst coefficient for the linearized model.
We finally verify our analytical findings by considering the
TRS breaking lattice model of m-WSM.
A. Analytical results for linearized Model
In order to distinctly characterize the transport coefficients,
one can breakdown the complete expression term-wise. For
the LMC, as given in Eq. (16), we can break it into three terms,
(1) σ(1)xx : pure velocity term consisting of only vx. (2) σ
(2)
xx :
pure chiral anomaly term consisting of only (Ωk.vk)2, and
(3) σ(3)xx : consisting of vx(Ωk.vk). We note that term (2) and
(3) give together the chiral anomaly induced positive LMC in
m-WSMs. We shall refer σ2xx term as σxx(C.A.) in all the
subsequent figures.
Similarly, for the planar Hall conductivity, as given in
Eq. (15), one can break it in following form: (1) σ(1)yx con-
taining velocity term vxvy , and (2) σ
(2)
yx : pure chiral anomaly
term (Ωk.vk)2, (3) σ
(3)
yx and (4) σ
(4)
yx contain vx(Ωk.vk) and
vy(Ωk.vk), respectively. We shall below refer the pure chiral
anomaly term in PHC as σyx(C.A.). Moreover, the terms (2),
(3) and (4) yield the chiral anomaly induced positive PHC in
m-WSMs. At the same time, we present the functional depen-
dence of the complete LMC and PHC, in the leading order.
Please see the appendix for the detailed calculation of all the
quantities.
A detailed calculation shows that the chiral anomaly term
(i.e., term (ii), σ(2)xx ) in LMC is given by
5σxx(C.A.) ' vτe
4n3α
2/n
n B2pi3/2 cos2 γ
2~2(2pi)3
Γ(2− 1/n)
Γ(5/2− 1/n) (µ
−2/n +
pi2K2BT
2(2 + n)µ−2−2/n
3n2
) (20)
whereas the total longitudinal magneto-conductivity, σxx is
proportional to nµ2 + nT 2 + B2 cos2 γ(n3µ−2/n + (n +
n2)T 2µ−2−2/n) in its leading order. First we discuss the the
case when T = 0. The term containing linear power of n is
B-independent and coming from the velocity term σ(1)xx ; this
is the Drude contribution from the Ohmic conductivity. The
multi-Weyl nature that shows up in the pure chiral anomaly
part as well as total σxx are the following: the scaling with
B and γ are now combined with n; these are now n3 cos2 γ
and n3B2. The chemical potential dependence is also not
unique; it varies as n changes. The zero temperature conduc-
tivity varies as n3. On the other hand, the finite temperature
correction appears as nT 2 and n2T 2. This is in contrast to
the finite temperature correction appearing in the Drude con-
ductivity where the correction and the main term both vary
linearly with n.
Now, the pure chiral anomaly term of the PHC σ(2)yx is given
by
σyx(C.A.) ' Γ(2− 1/n)
16pi3/2~2Γ(5/2− 1/n) cos γ sin γe
4τn3B2vα2/nn (µ
−2/n +
K2BT
2pi2(2 + n)µ−2−2/n
3n2
) (21)
Further calculation exhibits that total σyx is also proportional
to B2 cos γ sin γ(n3µ−2/n + (n + n2)T 2µ−2−2/n). This is
in contrast to the total LMC (σxx) because the B independent
Drude contribution is zero for the case of PHC. It is clear that
the PHC is different from the Lorentz force mediated regu-
lar Hall conductivity and even from the Berry phase mediated
anomalous Hall conductivity. Similar to the above case, PHC
(σyx), and its pure chiral anomaly part σyx(C.A.), both ac-
commodate n3 as par the scaling of B2 and sin γ cos γ are
concerned. Similar to the case for LMC, the temperature cor-
rection remain quadratic in T and with n and n2. Hence, The
multi-Weyl nature clearly shows up as one consider higher n
(n > 1) WSMs.
We also calculate the LMC and PHC (σzz and σyz) for the
linearized model while the electric field is applied in the zˆ di-
rection. The functional dependence with B, and γ remain un-
altered. The n3 scaling is observed. The complete calculation
is presented in Appendix. Though the qualitative behavior is
same, the qualitative behavior of LMC becomes different for
σzz and σxx in the case of double and triple Weyl semimetals
due to the presence of anisotropy in dispersion. On the other
hand, σzz = σxx for single-WSM.
Next, we study the thermo-electric responses in m-WSMs
using the linearized model. We will follow the same pre-
scription for the term-wise breakdown of LTEC and TTEC.
α
(1)
xx is the quadratic velocity term v2x, α
(2)
xx contains (Ωk.vk)2
term coming from chiral magnetic effect, and α(3)xx involves
vx(Ωk.vk) term. Similarly, α
(2)
yx is coming from chiral mag-
netic effect. A detailed calculation shows that the second term
in longitudinal thermo-electric coefficient (α2xx), coming from
the chiral magnetic effect, is given by
αxx(C.M.E) ' vτe
3n2α
2/n
n B2pi3/2 cos2 γ
6~2(2pi)3
Γ(2− 1/n)
Γ(5/2− 1/n) (pi
2K2BTµ
−1−2/n) (22)
The total αxx is proportional to T (−µn +
B2µ−1−2/nn2 cos2 γ) in its leading order. The term
containing linear power of n is coming from the first term
α
(2)
xx containing only the velocity. The multi-Weyl nature
that shows up in αxx is the following: the scaling with B
and γ are now combined with n; these are now n2 cos2 γ
and n2B2. The chemical potential dependence is also not
unique. It varies as n changes. One can note that in the
limit T → 0, Eq. (20) and Eq. (22) are related by the Mott
relation. However, it is worth mentioning that the scaling
with topological charge changes for αxx compare to σxx.
Now, the second term of the transverse thermo-electrical
coefficient i.e. the purely CME induced contribution of αyx is
given by
αyx(C.M.E) ' Γ(2− 1/n)
48pi3/2~2Γ(5/2− 1/n) cos γ sin γe
3τn2B2vα2/nn (K
2
BTpi
2µ−1−2/n) (23)
Further calculation exhibits that total αyx is also proportional to TB2n2 cos γ sin γµ−1−2/n. Similar to the above case,
6both the total transverse TEC and its dominant part, αyx and
αyx(C.M.E), accommodate n2 as par the scaling of B2 and
sin γ cos γ and T are concerned. Hence, The multi-Weyl na-
ture clearly shows up as one considers higher case i.e. n > 1
WSMs. One can also note that in the limit T → 0, Eq. (21)
and Eq. (23) are related by the Mott relation.
Like the LMC and PHC with an electric field applied ap-
plied to z-direction, we can also calculate the longitudinal
TEC and transverse TEC αzz and αyz when the temperature
gradient is along z direction. The functional dependence on
B and γ remains unaltered as compared to αxx and αyx. The
detail analytical formulation is presented in the Appendix.
We shall now compute the functional dependence of the
Nernst coefficient as σ and α are known in their leading or-
ders. The planar Nernst coefficient ν (19) is given by
ν ∼
O(B2n2Tµ−1−2/n) cos γ sin γ(O(B0nT2) + O(B2n3µ−2/n) cos2 γ) − O(B2n3µ−2/n) cos γ sin γ(O(B0Tn) − O(B2n2Tµ−1−2/n cos2 γ))
(O(B0nT2) + O(B2n3) cos2 γ)2 + O(B4n6µ−4/n) cos2 γ sin2 γ
(24)
One can get a functional form of ν in the low temperature limit
asO(B2)(f1(n, T, µ)+f2(n, T, µ) cos γ sin γ with f1,2 being
complicated functions of n, T and µ. Unlike σ and α, we can
understand from the functional form of ν that the topological
charge dependence is not monotonous. This is due to the fact
that both the numerator and denominator of f1 and f2 have
non-linear products consisting of µ, n and T . Hence, one can
expect that the behavior of ν for different n would strongly
depend on the values of µ and T chosen.
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FIG. 2. (Color online) (a) The behavior of chiral anomaly induced
(E.B) LMC σxx(C.A.) is plotted with B for n = 1, 2, 3 (b) depicts
total normalized LMC σ¯xx = norm(σxx(B 6= 0) − σxx(B = 0))
as a function of B. (c) shows the dominant contribution of chiral
anomaly induced PHC σyx(C.A.) and (d) total PHC σ¯yx as a func-
tion of applied magnetic field for m-WSMs. In all the above cases,
the quadratic dependence onB is clearly visible. LMC and PHC both
increase with topological charge in a non-linear fashion for a given
value of B. The parameters chosen are the following: γ = pi/3,
T = 10K, µ = 0.05 ( for (a) and (b)) and µ = 0.07 (for (c) and
(d)). The y axis of each figure is normalized by its maximum value.
B. Numerical results in Lattice Model
In order to discuss the transport properties in a physical
multi-Weyl system, it is always good to consider a lattice
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FIG. 3. (Color online) (a), (b) show chiral anomaly induced
(E.B) LMC σxx(C.A.) and total normalized LMC σ¯xx =
norm(σxx(B, γ) − σxx(B, γ = pi/2)), respectively, as a function
of angle γ for n = 1, 2, 3 at B = 3 T, µ = 0.05 ,and T = 10 K.
(c) shows the dominant contribution of chiral anomaly induced PHC
σyx(C.A.) and (d) total PHC σ¯yx = norm(σyx(B, γ)−σyx(B, γ =
0)) as a function of γ for m-WSMs. In all the above cases, LMC and
PHC follow cos2 γ and sin 2γ dependence respectively. LMC and
PHC both increase with topological charge in a non-linear fashion
for a given value of γ. The y axis of each figure is normalized by its
maximum value.
model of Weyl fermions with the lattice regularization pro-
viding a physical ultra-violet smooth cut-off to the low energy
Dirac spectrum. This is because the responses of the trans-
port properties using linearized continuum theory at a finite
density turns out to be insufficient.
Here, in setup 1, we first investigate the LMC and PHC
under the application of electric field along x direction and
discuss its dependence on magnetic field B, rotation angle γ,
chemical potential µ and temperature T . We will then discuss
the thermo-electric responses LTEC and TTEC using setup
2. Finally, we study the behavior of planar Nernst coefficient
with magnetic field and angle.
71. setup1: Longitudinal Magneto-conductivity and Planar Hall
Conductivity
Magnetic Field: In order to properly identify the behavior
of complete LMC in multi-WSMs, we plot (σxx(B)−σxx(0))
as a function of B for single, double and triple WSMs as
shown in Fig. 2(b). It is clear from the Fig. 2(b) that LMC
increases quadratically with magnetic field for all cases. The
magnitude of LMC also increases with the topological charge
(n) of the WSMs. For detailed investigation, we compute each
term of σxx and find that the main B-dependent contribution
is coming from the chiral anomaly term. The dominant chiral
anomaly contribution σxx(C.A.) to the LMC is also plotted
as a function of B in Fig. 2(a) which shows that this contri-
bution increases with n in multi-WSMs and agrees with our
analytical results (i.e., B2 dependence) of linearized model.
The total planar Hall conductivity σyx as a function of mag-
netic field is shown in Fig. 2(d) for n =1, 2 and 3. One can
see that PHC increases in non-linear fashion with n for a par-
ticular magnetic field and also shows B2 dependence for all
WSMs. The chiral anomaly term σyx(C.A) is shown in Fig. 2
(c). It is evident that the chiral anomaly is the origin for the
PHC for m-WSMs. Our result for lattice model qualitatively
agrees with the results obtained from linearized model. We
shall latter show the variation of LMC and PHC with topolog-
ical charge.
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FIG. 4. (Color online) Plots depict the dependence of (a) chiral
anomaly induced LMC σxx(C.A.) and (b) total LMC σxx on chemi-
cal potential for single, double and triple WSMs. (c) shows the domi-
nant contribution of chiral anomaly induced PHC σyx(C.A.) and (d)
total PHC σyx as a function of chemical potential for mWSMs. The
parameters chosen are the following: B = 2 γ = pi/3, T = 10K.
The y axis of each figure is normalized by its maximum value.
Angle: Now we shall focus on the angular dependence of
both LMC and PHC. The magnitude of LMC and PHC as
a function of the angle γ for a particular magnetic field is
depicted in Fig. 3(a)-(d). We find that chiral anomaly term
in LMC σxx(C.A) shows cos2 γ dependence where chiral
anomaly part of PHC σyx(C.A) exhibits sin γ cos γ depen-
dence for all n values (see Fig. 3(a), (c)). The magnitude of
both conductivities increases with the topological charge as-
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FIG. 5. (Color online) (a) and (b) depict the temperature dependence
of chiral anomaly induced LMC σxx(C.A) and total LMC σxx for
single, double and triple WSMs, respectively. (c) shows the domi-
nant contribution of chiral anomaly induced PHC σyx(C.A) and (d)
total PHC σyx as a function of temperature for mWSMs. The param-
eters chosen are the following: B = 2, γ = pi/3, µ = 0.05. The y
axis of each figure is normalized by its maximum value.
sociated with the Weyl node. This numerical finding is in full
congruence with the analytical results. Therefore, one can in-
fer that the Weyl nodes play the pivotal role in determining
the behavior of LMC and PHC in the presence of a rotated
magnetic field and constant electric field. To investigate the
angular dependence of the complete LMC and PHC further,
we compute σ¯xx = σxx(γ) − σxx(γ = pi/2) (see Fig. 3(b))
and σ¯yx = σyx(γ)− σyx(γ = 0) (see Fig. 3(d)) as a function
of γ to exclude any off-set coming from velocity terms. We
would like to emphasize that chiral anomaly term primarily
contributes to PHC. The multi-Weyl nature is reflected here
that the oscillation amplitude of σ¯yx for n = 1 and n = 2
almost coincides with each other whereas the magnitude for
n = 3 is much greater than the other two.
Chemical potential: Now we shall probe the behavior of
LMC and PHC as a function of chemical potential µ. From
the analytical calculation based on the linearized model, it
has been shown that chiral anomaly induced LMC behaves
as µ−2/n while the B independent term, coming from Drude
contribution, goes as µ2. We plot total normalized σxx along
with its chiral anomaly counterparts in Fig. 4(b), (a), respec-
tively. In the lattice model, σxx(C.A.) decreases with µ
for all n. However, it is clear from the Fig. 4(a) that for
0.37 < µ < 0.77, the chiral anomaly term for n = 1 de-
creases most rapidly and n = 3 decreases most slowly with µ
indicating the fact that µ−2 for n = 1 decays faster than µ−2/3
for n = 3. Moreover, the velocity term goes as µ2 according
to analytical calculation, this feature is also reflected in σxx
(see Fig. 4(b)) where quadratic behavior is observed. Here m-
Weyl nature is clearly reflected while the variation with n is
studied; n = 3 stays above n = 1 until µ < 0.77. On the
other hand, σyx(C.A) and σyx depict the chiral anomaly and
total contribution of PHC in Fig. 4 (c) and (d). The qualitative
8feature of σyx is similar to σyx(C.A) reflecting the fact that
chiral anomaly term is the origin of PHC as B independent
velocity term vanishes. Similar to the case of chiral anomaly
part of LMC, here also for µ > 0.37, the numerical findings
i.e., n = 1 falls below n = 2 and n = 3 appears above n = 2
(see Fig. 4 (c) and (d)) , is supported by the analytical argu-
ment of µ−2/n dependence. For all of the above cases, the
lattice effect is visible for µ < 0.37 where n = 2 stays at the
bottom.
Temperature: Now, we will discuss the temperature de-
pendence of both LMC and PHC for m-WSMs (see Fig. (5)).
Analytical calculation of linearized model shows that σxx and
σyx vary as T 2 in multi-Weyl semimetals. The chiral anomaly
term exhibits both linear and quadratic variation with n; n = 1
stays at the bottom for low temperature while n = 3 appears
at the top for T < 60 K; moreover, for a given T , numerical
results for σxx(C.A) (see Fig. 5(a)) clearly suggests a non-
linear dependence on n. On the other hand, the total σxx (see
Fig. 5(b)) shows a strong non-linear T dependence. Although,
for a given T , the non-linearity with n is heavily reduced as
the relative spacing between n = 1, 2 and 3 becomes almost
same. Both of these observations point to the fact thatB inde-
pendent velocity term which is proportion to nT 2, contributes
maximally. On the other hand, σyx is controlled by the chiral
anomaly term; the σyx(C.A) ( see Fig. 5(d)) and therefore,
complete σyx (see Fig. 5(c)) behave in an identical manner
with (n + n2)T 2. The multi-Weyl nature is clearly reflected
in terms of the non-linear increment with n for σxx and σyx.
Scaling with n: Figure 6 shows the variation of LMC and
PHC with topological charge. We consider data from mag-
netic field and angular variation to investigate the n depen-
dence. One can see that cubic variation is clearly obtained for
2 ≤ n ≤ 3 while for 1 ≤ n ≤ 2, a slow rise is visible. The un-
derlying reason might be related to chiral anomaly term which
controls the LMC and PHC maximally for higher values of
topological charge. On the other hand, velocity term might
be responsible for this deviation for low topological charges.
Moreover, lattice effect coming from the high energy states is
also substantial here.
2. setup 2: Thermo-electric coefficients and planar Nernst
coefficient
We now investigate the LTEC and TTEC (also known as
Peltier coefficient) as a function of magnetic field B, rotation
angle γ, chemical potential µ and temperature T when the
temperature gradient is in x direction.
Magnetic field: In order to properly identify the behavior
of LTEC αxx(B 6= 0) and TTEC αyx(B 6= 0), we study
the term for chiral magnetic effect (CME), αxx(C.M.E) (see
Fig. 7(a)) and αyx(C.M.E) (see Fig. 7(c)) and the normalized
total contribution, α¯xx = norm(αxx(B 6= 0)− αxx(B = 0))
(see Fig. 7(c)) and α¯yx = norm(αyx(B 6= 0)−αyx(B = 0))
(see Fig. 7(d)). Similar to the LMC and Hall conductivity,
we here show here that LTEC and TTEC vary quadratically
with magnetic field. This observation can be verified using the
linearized model. Therefore, one can say that the maximum
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FIG. 6. (Color online) We plot the variation of LMC and PHC with
the topological charge. The solid black and blue line represent the
data obtained for LMC from magnetic field variation (Fig. 2(b)) and
angular variation (Fig. 3(b)), respectively. The solid red and green
line represent the data obtained for PHC from magnetic field varia-
tion (Fig. 2(d)) and angular variation (Fig. 3(d)), respectively. Here
we consider B = 3 T and θ = 0 (LMC), pi/2 (PHC) for magnetic
field and angular variation, respectively. For both the data obtained
from either magnetic field or angular variation show a slow rise as
compared to cubic rise (dashed yellow line) for 1 ≤ n ≤ 2 while for
2 ≤ n ≤ 3, it perfectly matches with cubic variation (dashed yellow
line).
contribution is coming from Weyl node even for the lattice
model. For detailed investigation, we show that the the terms
(Eq.(22) and Eq.(23)), varying as B2, are associated with the
chiral magnetic effect. The important point to note here is that
this term is contributing maximally. The other terms involving
velocity and Drude contribution have an order of magnitude
lesser that the chiral magnetic effect term. Interestingly, for a
given value of B, αxx and αyx increase non-linearly with n;
this reflects the multi-Weyl nature of the TECs. We note that
the absolute value of αxx and αyx are 1017 times higher than
σxx and σyx, respectively.
Angle: In order to correctly quantify the behavior of
TECs in the lattice model, we first plot the normalized chi-
ral magnetic effect term present in αxx and αyx as shown
in Fig. 8(a) and Fig. 8(c), respectively. The numerical find-
ing again satisfy the analytical results, based on the linearized
model, i.e., αxx(C.M.E) varies as cos2 γ and αyx(C.M.E)
varies as sin γ cos γ. The behavior of total TECs are then
shown in Fig. 8(b) and Fig. 8(d) where α¯xx ( i.e., normal-
ized (αxx(B, γ) − αxx(B, γ = pi/2))) and α¯yx (i.e., nor-
malized (αyx(B, γ) − αyx(B, γ = 0))) exhibit cos2 γ and
sin γ cos γ dependence, respectively. The numerical findings
again satisfy the analytical results obtained from the linearized
model. The multi-Weyl character is reflected in the non-linear
enhancement of the amplitude of oscillation for α¯xx and α¯yx
with n. We note that the absolute value of αxx and αyx are
1017 times higher than σxx and σyx, respectively.
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FIG. 7. (Color online) Plots as shown in (a) and (c), depict the vari-
ation of normalized chiral magnetic effect term αxx(C.M.E) and
normalized αyx(C.M.E) as a function of B. Longitudinal TEC and
transverse TEC both in the setup 2 vary asB2. α¯xx = (αxx(B, γ)−
αxx(B = 0, γ))/(max(αxx(B, γ) − αxx(B = 0, γ)) and α¯yx =
(αyx(B, γ)−αyx(B = 0, γ))/max(αyx(B, γ)−αyx(B = 0, γ))
are plotted in (b) and (d), respectively. The qualitative behaviors re-
main unaltered as compared to (a) and (c). The parameters used here
are B = 3 Tesla, µ = 0.07 and T = 10K.
Chemical potential: Here, we study the behavior of LTEC
αxx and TTEC αyx as a function of µ (see Fig. (9)). We actu-
ally plot the normalized values of coefficients to correctly un-
derstand their behavior. In Fig. 9(a) and Fig. 9(c), we plot the
chiral magnetic effect term αxx(C.M.E) and αyx(C.M.E),
respectively. The general tendency of its decreasing nature
is common for longitudinal as well as transverse TECs; n = 2
exhibits the sharpest fall that persists up to µ ' 0.06. On
the other hand, n = 1 shows slowest fall up to a certain
values of µ that depends upon the types of the coefficients
whether it is longitudinal or transverse. This observation can
not be explained using the analytical calculation, hence, the
lattice effect might be responsible for the above numerical
outcome. The band bending nature at high energy might
non-trivially control the behavior. In the large µ limit for
0.06 < µ < 0.085, n = 3 decays most slowly and n = 1
decays most rapidly. This observation can be analytically sup-
ported in the sense that the analytical calculation shows that
chiral magnetic effect term goes as µ−1−2/n; therefore, n = 1
decays most rapidly while n = 3 decreases most slowly.
Now, we shall investigate the total contribution of LTEC co-
efficients (normalized αxx(B, γ = pi/3)) and TTEC (normal-
ized αyx(B, γ = pi/3)) as shown in Fig. 9(b) and Fig. 9(d),
respectively. In the case LTEC, it shows almost a linear de-
crease with µ < 0.06. This feature might be caused by
the B independent velocity term proportional to −nµ. For
µ > 0.06, this feature goes away rather there is a dip and
again it increases with µ; this is a multi-Weyl phenomena not
present for n = 1. This finding can be related to the fact that
αxx has both positive and negative powers of µ, i.e., µ and
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FIG. 8. (Color online) Plots as shown in (a) and (c), depict the vari-
ation of normalized chiral magnetic effect term (v.Ω) αxx(C.M.E)
and αyx(C.M.E) as a function of γ. LTEC goes as cos2 γ and
TTEC varies as cos γ sin γ. α¯xx = (αxx(B, γ) − αxx(B, γ =
pi/2))/(max(αxx(B, γ) − αxx(B, γ = pi/2))) and α¯yx =
(αyx(B, γ)− αyx(B, γ = pi/2))/(max(αyx(B, γ)− αyx(B, γ =
pi/2))) are plotted in (b) and (d), respectively. The qualitative be-
haviors remain unaltered as compared to (a) and (c). The parameters
used here are B = 3 Tesla, µ = 0.07 and T = 10K.
µ−1−2/n, as shown in the linearized model. Although, the
underlying lattice might be controlling the characteristics of
LTEC in the large µ limit. On the other hand, the characteris-
tics αyx(C.M.E) and αyx are qualitatively similar; this again
conveys that the chiral magnetic effect term is the key contrib-
utor for the TTEC. However, the lattice is also playing a role
as the oscillatory behavior of αyx in large µ limit for n = 3
can not be fully explained by the linearized model.
Temperature Dependence:
Now we probe the TECs as a function of temperature (see
Fig. (10)). First, we closely investigate the influence of chi-
ral magnetic effect term present in αxx and αyx, as shown
in Fig. 10(a) and Fig. 10(c), respectively. Analytically it has
been shown that all the terms including chiral magnetic effect
term goes as n2T ; one can see that at the low temperature
limit 0 < T < 40K, TECs αxx and αyx exhibit a linear
rise with T . For a given T , the non-linear spacing between
n = 1, 2, 3 clearly suggests that TECs have a non-linear n de-
pendence. At high temperature n = 1 increases non-linearly
while n = 2 and n = 3 remain linear referring to the multi-
Weyl nature. Although, at the high temperature limit, the an-
alytical arguments no longer holds.
On the other hand, complete behavior shows identical tem-
perature profile as shown in Fig. 10(b) for αxx and Fig. 10(d)
for αyx, respectively. Based on the linearized model, B in-
dependent velocity term in αxx varies as −nT ; this is also
reflected in the lattice calculation as shown in αxx where lin-
ear decrement with temperature is clearly observed. On the
other hand, αyx is maximally controlled by the chiral mag-
netic effect term. The multi-Weyl nature is reflected as n = 2
and n = 3 continue to grow linearly with T unlike the n = 1
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FIG. 9. (Color online) The variation of chiral magnetic effect
term (v.Ω) present in αxx and αyx with µ are shown in (a) for
αxx(C.M.E) and (b) αyx(C.M.E), respectively. Both of above
quantities exhibit a decrease with µ and the behavior is maximally
controlled by the lattice, except 0.06 < µ < 0.08 where Weyl points
might dictate the nature. The multi-Weyl feature can be seen in this
regime also where n = 2 and n = 3 both exhibit a local peak. The
total normalized contribution of longitudinal and transverse TEC are
shown in (b) for αxx and in (d) for αyx, respectively. The lattice
effect is clearly visible for small µ in αxx. Multi-Weyl nature is cap-
tured as n = 2 and n = 3 show dip around µ = 0.75 while n = 1
does not exhibit a dip. The chiral magnetic effect term maximally
controls αyx. The parameters used here are B = 2 Tesla, γ = pi/3
and T = 10K.
case.
scaling with n: In Fig. 11, we show that longitudinal and
transverse TEC, αxx and αyx, respectively, varies quadrati-
cally with n. This reflects the fact that the linearized model
is able to capture the underlying physics qualitatively. Al-
though, lattice effect also important as we discussed above.
To be precise, the chiral magnetic effect term governs the be-
havior of αyx, while, αxx is maximally governed by velocity
term. This velocity term deviates from n2 as we see it from
the linearized model. Comparing the LMC and PHC with n as
shown in Fig. 6, one can see that quadratic dependence of α’s
is more clear than the cubic dependence of σ’s for 1 ≤ n ≤ 2.
Planar Nernst Coefficient (PNC): We shall now compute
the planar Nernst coefficient ν for the lattice model for n = 1,
2 and 3. We show that ν varies quadratically with B for all
n as shown in Fig. IV B 2(a). This behavior is similar to the
behavior of all the transport coefficients in both the setups. On
the other hand, angle dependence of the Nernst coefficient ap-
pears to be sin γ cos γ which is similar with the behavior of
PHC and TTEC (see Fig. IV B 2(b)). The important point to
note here is that for givenB and γ, unlike the case for σ and α,
here ν does not exhibit a monotonic behavior with topological
charge. This non-monotonic feature can be explained from
analytical functional form obtained for ν (24). One can see
that ν increases with temperature (see Fig. IV B 2(c)) while
it decreases with µ (see Fig. IV B 2(d)). These two charac-
teristics is directly connected to the PHC and TTEC. To be
more precise, ν is maximally governed by the chiral anomaly
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FIG. 10. (Color online) The variation of normalized (v.Ω) term in
αxx and αyx are shown a function of T in (a) and (c), respectively .
Both the terms vary linearly with T < 60 K. After that, n = 1 shows
non-linear increase while n = 2 and n = 3 still vary linearly with
T . Plots for the total normalized αxx and αyx are shown in (b) and
(d), respectively. Transverse TEC is dominated by chiral magnetic
effect term and longitudinal TEC is governed by the velocity term .
parameters used here are B = 2, γ = pi/3 and µ = 0.07.
and chiral magnetic effect term. Although, one can notice that
multi-Weyl nature is clearly reflected as the behavior of ν for
n = 1 is distinctly different from that of the for n = 2 and 3.
Moreover, the lattice effect might have a role to play here.
V. CONCLUSIONS
In this work, we study several intriguing transport coeffi-
cients for m-WSMs (which are characterized by the topologi-
cal charge n being more that unity) using semiclassical Boltz-
mann transport equation with the relaxation time approxima-
tion. We mainly focus on the co-planar setups where mag-
netic field B and electric field E or temperature gradient ∇T
lie in the same plane. It is known that the electric and thermo-
electric transport properties are extremely useful quantities to
probe the non-trivial features associated with the m-WSMs
in a co-planar setup. From the practical point of view, these
setups are experimentally viable and our theoretical predic-
tions can hence be verified. During the course of our work,
we find that there are a few universal behavior in the trans-
port coefficients which could serve as an indication of chiral
anomaly or chiral magnetic effect. Additionally, our findings
on the m-WSMs using the co-planar setups can be distinctly
distinguished from the single-Weyl behavior considering the
conventional setups.
In the presence of co-planar electric and magnetic fields,
not perfectly aligned with each other (with γ being the an-
gle between E and B ), we investigate the multi Weyl na-
ture of longitudinal magneto-conductivity (LMC) and planar
Hall conductivity (PHC) using the low-energy model. We first
study the characteristics ( i.e., magnetic field, angle, µ and
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FIG. 11. (Color online) We show the topological charge scaling of
LTEC and TTEC in the planar Nernst setup while the data are ob-
tained from magnetic field and angular variation. The solid black and
blue line represent the data for LTEC from Fig. 7(b) (with B = 3 T)
and Fig. 8(b) (with γ = 0), respectively. The solid red and green
line represent the data for TTEC from Fig. 7(d) (with B = 3 T)
and Fig. 8(d) (with γ = pi/2), respectively. The quadratic variation
as shown in dashed yellow line is clearly visible from all the above
plots.
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FIG. 12. (Color online) (a) We show the quadratic variation of Nernst
coefficient ν with magnetic field for n = 1, 2 and 3 lattice models.
(b) Plot shows that ν varises as sin γ cos γ with the angle. Here, we
consider T = 10 K and µ = 0.05. (c) and (d) depict the temperature
and chemical potential dependence of ν, respectively.
temperature dependencies) of LMC and PHC. Our analytical
calculation shows that PHC appears due to chiral anomaly
in m-WSMs. On the other hand, the LMC has a significant
B-independent Drude contribution whereas this contribution
vanishes completely in the case of PHC. We find that at zero
temperature both LMC and PHC go as n3 indicating the fact
that anisotropy in the energy dispersion leads an enhancement
of the magnitude of these quantities as we go from single-
WSM to double and triple WSMs. In the low but finite tem-
perature limit, LMC and PHC receive a quadratic tempera-
ture correction with linear and bi-linear scaling of topological
charge. Moreover, they are quadratically dependent on B ex-
cept for the Drude part of LMC which is linear with n. The
chemical potential shows a n dependent scaling for both LMC
and PHC. The universal angle dependence is mainly caused
by the chiral anomaly; we show that LMC follows as cos2 γ
whereas PHC varies as sin γ cos γ.
Moving on the thermo-electric responses, we consider a
setup (planar Nernst setup) with co-planar thermal gradient
and magnetic field not perfectly aligned with each other (with
γ being angle between B and ∇T ). Here, we investigate
the thermo-electric coefficients (TECs) and planar Nernst co-
efficients (PNE) in m-WSMS using the low-energy model.
We similarly characterize the TEC and PNE as a function
of magnetic field, angle, µ and temperature. We find that
transverse TEC arises due to the chiral magnetic effect in m-
WSMS. Similar to LMC, longitudinal TEC has a significant
B-independent contribution other than the chiral magnetic ef-
fect. Interestingly, in this setup, the longitudinal and trans-
verse TECs vary quadratically with topological charge and
linearly with temperature. Hence the anisotropic energy dis-
persion has two distinct counterparts for planar Hall setup and
planar Nernst setup. Although, there a few universal behav-
ior in both the setups; the magnetic field dependence remains
same as obtained for LMC and PHC. The longitudinal TEC
varies as cos2 γ while transverse TEC goes as sin γ cos γ.
Multi Weyl nature is also reflected in the n dependent chem-
ical potential scaling of the TECs. We find that the planar
Nernst coefficient (PNC) behaves qualitatively in an identical
manner with B and γ as compared to the transverse transport
coefficient. Surprisingly, unlike the all the other transport co-
efficients, PNC does not exhibit a monotonic variation with
n.
In order to verify the analytical findings, we numerically
study the TRS broken lattice model of m-WSMs (single-,
double- and triple WSM). The quadratic B dependence, non-
linear sinusoidal γ dependence, obtained from lattice model,
are supported by analytical calculations. One can note by in-
vestigating µ and T dependencies that chiral anomaly and chi-
ral magnetic effect determine the behavior of transverse trans-
port coefficients while Drude part ( i.e., velocity term) con-
tributes maximally for longitudinal transport responses. On
the other hand, the band bending at finite/ high energy leads
to lattice effect that causes an apparent deviation from n3 for
LMC and PHC in the limit of small topological charge. Addi-
tionally, quantitative features with µ and T that is not captured
by the linearized model might be controlled by the underlying
lattice model. These numerical results predict experimental
observations of LMC, PHC, TECs and PNE of the m-WSMs.
It is noteworthy that anomalous response and second order re-
sponses might be interesting future problems in this context.
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Appendix A: Calculation of LMC in regular setup
Now we shall compute the LMC and electrical Hall conductivity for the continuum model (1). We present this calculation to
clearly mention the calculation details which we follow for Sec. B, C. Here we assume the electric and magnetic field to have the
following form: E = Ejˆ and B = Bjˆ. we refer ∂feq∂ = f˜eq . This is the coefficient of electric charge current along j direction
for an applied electric field in j direction: σjj
σjj = e
2
∫
d3k
(2pi)3
τD[(vj +
eBj
~
(vk ·Ωk))2]
(
−∂feq
∂
)
(A1)
We now decompose the above expression term by term to investigate it more rigorously: σjj = σ
(1)
jj + σ
(2)
jj + 2σ
(3)
jj where
σ
(1)
jj = τe
2
∫
d3k
(2pi)3
(vj)
2
1 + eBΩj/~
(
−∂f0
∂
)
, (A2)
σ
(2)
jj = τe
4
B2j
~2
∫
d3k
(2pi)3
(Ωk · vk)2
1 + eBΩj/~
(
−∂f0
∂
)
, (A3)
σ
(3)
jj = τe
3Bj
~
∫
d3k
(2pi)3
(vj)(Ωk · vk)
1 + eBΩj/~
(
−∂f0
∂
)
, (A4)
(A5)
We note here that two LMCs are given by σxx and σzz , Jx = σxxEx and Jz = σzzEz .
We make resort to cylindrical polar co-ordinate to do the analytical calculation.
∫
d3k/(2pi)3 =
(1/(2pi)3)
∫∞
0
k⊥dk⊥
∫∞
−∞ dkz
∫ 2pi
0
dφ. We need to compute the following momentum integral for finite temperature;
we use the Sommerfeld expansion.
f˜()eq = β
∫ ∞
0
(
h()
1 + eβ(−µ)
− h()
(1 + eβ(−µ))2
)d (A6)
We use the change of variable β(− µ) = x and above integral becomes
f˜()eq =
∫ 0
−βµ
(
h(µ+ x/β)
1 + ex
− h(µ+ x/β)
(1 + ex)2
)dx
+
∫ ∞
0
(
h(µ+ x/β)
1 + ex
− h(µ+ x/β)
(1 + ex)2
)dx (A7)
In the first integral we use x→ −x and using the fact that (e−x + 1)−1 = 1− (ex + 1)−1. We assume βµ 1 and obtain
f˜()eq =
∫ ∞
0
(
1
1 + ex
− 1
(1 + ex)2
)(h(µ− x/β) + h(µ+ x/β))dx (A8)
Now one can expand h around µ as the integrand decreases exponentially with increasing x
f˜()eq =
∫ ∞
0
(
1
1 + ex
− 1
(1 + ex)2
)(2h(µ) +K2BT
2x2h′′(µ)) (A9)
In our case, h(k) = (k−µ)kν and f˜()eq = pi2K2BT 2νµν−1 and when h(k) = kν then f˜()eq = µν +pi2K2BT 2ν(ν− 1)µν−2.
We shall derive the analytical form of LMC in finite temperature by considering −∂feq∂ = βfeq(1− feq) = f˜()eq .
σ(1)zz =
τe2
(2pi)3
∫ ∞
0
dk⊥
∫ ∞
−∞
dkz
∫ 2pi
0
dφ
k⊥v4k2z/
2
1 + en2vα2nk
2n−2
⊥ Bkz/(23~)
f˜()eq
Now we perform the variable substitution kz → kz/v and k⊥ → k⊥α−1/nn Hence the energy becomes → ′ =
√
k2n⊥ + k2z .
σ(1)zz =
τe2
(2pi)2
∫ ∞
0
dk⊥
∫ ∞
−∞
dkz
k⊥α
−2/n
n vk2z/
′2
1 + en2α
2/n
n k
2n−2
⊥ Bkz/(2′3~)
f˜(′)eq
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We then use another change of variable k⊥ → k1/n⊥ and ′ → ′′ =
√
k2⊥ + k2z .
σ(1)zz =
τe2
(2pi)2
∫ ∞
0
dk⊥
∫ ∞
−∞
dkz
k
2/n−1
⊥ α
−2/n
n vk2z/(n
′′2)
1 + en2α
2/n
n k
2−2/n
⊥ Bkz/(2′′3~)
f˜(′′)eq
Finally, one can perform another transformation k⊥ = k sin θ and kz = k cos θ and hence ′′ → ′′′ = k.
∫∞
0
dk⊥
∫∞
−∞ dkz →∫ pi
0
dθ
∫∞
0
dk.
σ(1)zz =
vτe2α
−2/n
n
n(2pi)2
∫ ∞
0
dk
∫ pi
0
dθ
k2/n cos2 θ(sin θ)2/n−1
1 + eBn2α
2/n
n k−2/n(sin θ)2−2/n cos θ/(2~)
f˜(k)eq
=
vτe2α
−2/n
n
n(2pi)2
∫ pi
0
dθ
∫ ∞
0
dk
cos2 θ(sin θ)2/n−1
1 + eBn2α
2/n
n k−2/n(sin θ)2−2/n cos θ/(2~)
k2/nf˜(k)eq
In order to evaluate the integrals we need to perform a series expansion in terms of eB/~µ2/n. We use the series expansion
(1 + x)−1 =
∑∞
i=0(−x)i with x 1 for the denominator. Therefore, the integral becomes
σ(1)zz =
vτe2α
−2/n
n
n(2pi)2
∑
i
(−eBn2α2/nn /2~)i
∫ pi
0
dθ(cos θ)2+i(sin θ)2/n−1+i(2−2/n)
∫ ∞
0
dkk2/nk−2i/nf˜(k)eq
The leading order terms are given by
σ(1)zz '
vτe2α
−2/n
n
n(2pi)2
(
Γ(1/n)Γ(3/2)
Γ(3/2 + 1/n)
(µ2/n +
pi2K2BT
22(2− n)µ2/n−2
6n2
)
+
e2B2n4α
4/n
n
~2
Γ(2− 1/n)Γ(5/2)
4Γ(9/2− 1/n) (µ
−2/n +
pi2K2BT
22(2 + n)µ−2/n−2
6n2
)) (A10)
Similarly, σ(2)zz is given by
σ(2)zz =
τe4B2n3α
2/n
n
4~2(2pi)2
∑
i
(−eBn2α2/nn /2~)i
∫ pi
0
dθ(cos θ)i(sin θ)3−2/n+i(2−2/n)
∫ ∞
0
dkk−2/nk−2i/nf˜(k)eq
' τe
4B2n3α
2/n
n
4~2(2pi)2
Γ(2− 1/n)Γ(1/2)
Γ(5/2− 1/n) (µ
−2/n +
pi2K2BT
22(2 + n)µ−2/n−2
6n2
) (A11)
Similarly, σ(3)zz is given by
σ(3)zz =
τe3Bnv
2~2(2pi)2
∑
i
(−eBn2α2/nn /2~)i
∫ pi
0
dθ(cos θ)i+1(sin θ)1+i(2−2/n)
∫ ∞
0
dkk−2i/nf˜(k)eq
' −τe
4B2n3vα
2/n
n
2~2(2pi)2
Γ(2− 1/n)Γ(3/2)
Γ(7/2− 1/n) (µ
−2/n +
pi2K2BT
22(2 + n)µ−2/n−2
6n2
) (A12)
Therefore, the chiral anomaly term in σzz is proportional to B2(n3µ−2/n + n2T 2µ−2−2/n). The complete σzz is also propor-
tional to µ2/n/n+ T 2/n3 +B2(n3µ−2/n + n2T 2µ−2−2/n).
Similarly, σ(1)xx is given by
σ(1)xx =
τe2n
v(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
(cosφ)2+i(sin θ)3+i(2−1/n)
∫ ∞
0
dkk2−i(1+1/n)f˜(k)eq
' τe
2n
v(2pi)3
(
8pi
5
(µ2 +
pi2K2BT
2
3
)
+ (eBnvα1/nn µ
−1−1/n/2)2
3piΓ(4− 1/n)Γ(1/2)
4Γ(9/2− 1/n) (µ
−2/n +
pi2K2BT
22(2 + n)µ−2−2/n
6n2
)) (A13)
Similarly, σ(2)xx is given by
σ(2)xx =
vτe4n3α
2/n
n B2
4~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cosφ)i(sin θ)3−2/n+i(2−1/n)
∫ ∞
0
dkk−2/n−i(1+1/n)f˜(k)eq
' vτe
4n3α
2/n
n B2pi3/2
2~2(2pi)3
Γ(2− 1/n)
Γ(5/2− 1/n) (µ
−2/n +
pi2K2BT
22(2 + n)µ−2−2/n
6n2
) (A14)
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Similarly, σ(3)xx is given by
σ(3)xx =
τe3n2α
1/n
n B
2~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
(cosφ)1+i(sin θ)3−1/n+i(2−1/n)
∫ ∞
0
dkk1−1/n−i(1+1/n)f˜(k)eq
' −vτe
4n3α
2/n
n B2pi
2~2(2pi)3
Γ(3− 1/n)Γ(3/2)
Γ(7/2− 1/n) (µ
−2/n +
pi2K2BT
22(2 + n)µ−2−2/n
6n2
) (A15)
Therefore, the chiral anomaly term in σxx is proportional to B2(n3µ−2/n + n2T 2µ−2−2/n). The complete σxx is also
proportional to nµ2 + nT 2 +B2(n3µ−2/n + n2T 2µ−2−2/n).
Appendix B: Calculation for LMC and PHC in setup 1: PHE
Having discussed the LMC in normal regular setup, we shall now turn our attention to PH setup. Here we compute two main
quantities σjj and σij . The magnetic field here is assumed to have the form: B = B cos γjˆ + B sin γyˆ and E = Ejˆ with
j = x, z. Therefore, the LMC is given by: σjj = σ
(1)
jj + σ
(2)
jj + 2σ
(3)
jj
σjj = e
2
∫
d3k
(2pi)3
τD[(vj +
eBj cos γ
~
(vk ·Ωk))2]
(
−∂feq
∂
)
(B1)
where
σ
(1)
jj = τe
2
∫
d3k
(2pi)3
(vj)
2
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B2)
σ
(2)
jj = τe
4B
2 cos2 γ
~2
∫
d3k
(2pi)3
(Ωk · vk)2
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B3)
σ
(3)
jj = τe
3B cos γ
~
∫
d3k
(2pi)3
(vj)(Ωk · vk)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B4)
(B5)
The first term becomes
σ(1)xx =
τe2n
v(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cosφ)2(cos(φ− γ))i(sin θ)3+i(2−1/n)
∫ ∞
0
dkk2−i(1+1/n)f˜(k)eq
' τe
2n
v(2pi)3
(
pi3/2Γ(2)
Γ(5/2)
(µ2 +
pi2K2BT
2
3
)
+ (eBnvα1/nn µ
−1−1/n/2)2
pi3/2(2 cos2 γ + 1)Γ(4− 1/n)
16Γ(9/2− 1/n) (µ
−2/n +
pi2K2BT
2(2 + n)µ−2−2/n
3n2
)) (B6)
Similarly, σ(2)xx is given by
σ(2)xx =
vτe4n3α
2/n
n B2 cos2 γ
4~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i(sin θ)3−2/n+i(2−1/n)∫ ∞
0
dkk−2/n−i(1+1/n)f˜(k)eq
' vτe
4n3α
2/n
n B2pi3/2 cos2 γ
2~2(2pi)3
Γ(2− 1/n)
Γ(5/2− 1/n) (µ
−2/n +
pi2K2BT
2(2 + n)µ−2−2/n
3n2
) (B7)
Similarly, σ(3)xx is given by
σ(3)xx =
τe3n2α
1/n
n B cos γ
2~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i(sin θ)3−1/n+i(2−1/n)
∫ ∞
0
dkk1−1/n−i(1+1/n)f˜(k)eq
' −vτe
4n3α
2/n
n B2pi cos2 γ
2~2(2pi)3
Γ(3− 1/n)Γ(3/2)
Γ(7/2− 1/n) (µ
−2/n +
pi2K2BT
2(2 + n)µ−2−2/n
3n2
) (B8)
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Therefore, the chiral anomaly term in σxx is proportional to B2 cos2 γ(n3µ−2/n + n2T 2µ−2−2/n). The complete σxx is pro-
portional to nµ2 + nT 2 +B2 cos2 γ(n3µ−2/n + n2T 2µ−2−2/n).
In the same fashion, one can compute σzz = σ
(1)
zz + σ
(2)
zz + σ
(3)
zz .
σ(1)zz =
τe2vα
−2/n
n
n(2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)ik2/n(sin θ)2/n−1 cos2 θf˜(k)eq
' τe
2vα
−2/n
n
n(2pi)3
(
2piΓ(1/n)Γ(3/2)
Γ(1/n+ 3/2)
(µ2/n +
K2BT
2pi2(2− n)µ2/n−2
3n2
)
− e
2B2n4α
4/n
n cos2 γΓ(2− 1/n)Γ(5/2)
3~Γ(9/2− 1/n) (µ
−2/n +
K2BT
2(n+ 2)pi2µ−2/n−2
3n2
)) (B9)
σ
(2)
zz is given by
σ(2)zz =
τe4B2vn3vα
2/n
n cos2 γ
4(2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)ik−2/n(sin θ)3−2/nf˜(k)eq
' τe
4B2vn3vα
2/n
n cos2 γ
4(2pi)3
2pi3/2Γ(2− 1/n)
Γ(5/2− 1/n) (µ
−2/n +
K2BT
2pi2(2 + n)µ−2/n−2
3n2
) (B10)
σ
(3)
zz is given by
σ(3)zz =
τe3Bnv cos γ
2(2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos γ cos θ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i sin θ cos θf˜(k)eq
' τe
4B2vn3vα
2/n
n cos2 γΓ(2− 1/n)Γ(3/2)
4Γ(7/2− 1/n)(2pi)3 (µ
−2/n +
K2BT
2pi2(2 + n)µ−2/n−2
3n2
) (B11)
Therefore, the chiral anomaly term in σzz is proportional to B2 cos2 γ(n3µ−2/n + nT 2µ−2−2/n). The complete σzz is also
proportional to µ2/n/n+ T 2µ2/n−2/n3 +B2 cos2 γ(n3µ−2/n + n2T 2µ−2−2/n).
The expression for chiral anomaly induced PH conductivity σyj can similarly be decomposed into four parts:σyj = σ
(1)
yj +
σ
(2)
yj + 2σ
(3)
yj + σ
(4)
yj . The complete form is given by
σyj = e
2
∫
d3k
(2pi)3Dτ
(
−∂feq∂
)
[(vy +
eB sin γ
~ (vk ·Ωk))
(vj +
eB cos γ
~ (vk ·Ωk))] (B12)
and the individual terms are represented as
σ
(1)
yj = τe
2
∫
d3k
(2pi)3
(vyvj)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B13)
σ
(2)
yj = τe
4B
2 cos γ sin γ
~2
∫
d3k
(2pi)3
(Ωk · vk)2
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B14)
σ
(3)
yj = τe
3B cos γ
~
∫
d3k
(2pi)3
(vy)(Ωk · vk)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B15)
σ
(4)
yj = τe
3B sin γ
~
∫
d3k
(2pi)3
(vj)(Ωk · vk)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (B16)
(B17)
First we compute σyx where
σ(1)yx =
τe2n
2v(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i sin(2φ)(sin θ)3+i(2−1/n)
∫ ∞
0
dkk2−i(1+1/n)f˜(k)eq
' pi
−3/2Γ(4− 1/n)
16~2Γ(9/2− 1/n) cos γ sin γe
4τn3B2vα2/nn (µ
−2/n +
K2BT
2pi2(2 + n)µ−2−2/n
3n2
) (B18)
16
σ
(2)
yx is given by
σ(2)yx =
τe4B2n3α
2/n
n v sin γ cos γ
4~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i(sin θ)3−2/n+i(2−1/n)∫ ∞
0
dkk−2/n−i(1+1/n)f˜(k)eq
' Γ(2− 1/n)
16pi3/2~2Γ(5/2− 1/n) cos γ sin γe
4τn3B2vα2/nn (µ
−2/n +
K2BT
2pi2(2 + n)µ−2−2/n
3n2
) (B19)
σ
(3)
yx is given by
σ(3)yx =
τe3Bn2α
1/n
n v cos γ
2~(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i sinφ(sin θ)3−1/n+i(2−1/n)∫ ∞
0
dkk1−1/n−i(1+1/n)f˜(k)eq
' − Γ(3− 1/n)
32pi3/2~2Γ(7/2− 1/n) cos γ sin γe
4τn3B2vα2/nn (µ
−2/n +
K2BT
2pi2(2 + n)µ−2−2/n
3n2
) (B20)
σ
(4)
yx is given by
σ(4)yx =
τe3Bn2α
1/n
n v sin γ
2~(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i cosφ(sin θ)3−1/n+i(2−1/n)∫ ∞
0
dkk1−1/n−i(1+1/n)f˜(k)eq
' − Γ(3− 1/n)
32pi3/2~2Γ(7/2− 1/n) cos γ sin γe
4τn3B2vα2/nn (µ
−2/n +
K2BT
2pi2(2 + n)µ−2−2/n
3n2
) (B21)
Therefore, the chiral anomaly term in σyx is proportional to B2 cos γ sin γ(n3µ−2/n +nT 2µ−2−2/n). The complete σyx is also
proportional to B2 cos γ sin γ(n3µ−2/n + nT 2µ−2−2/n).
Now, we shall now compute σyz considering electric field E = Ezˆ; σyz = σ
(1)
yz + σ
(2)
yz + 2σ
(3)
yz + σ
(4)
yz , with
σ(1)yz =
τe2α
−1/n
n
(2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i cos θ sinφ(sin θ)1+1/nk3+1/nf˜(k)eq
' piΓ(3− 1/n)Γ(3/2)
~2Γ(9/2− 1/n) cos γ sin γe
4τn3B2vα2/nn (µ
2−2/n +
K2BT
2pi2(2n− 2)(n− 2)µ−2/n
6n2
) (B22)
σ(2)yz =
τe4α
2/n
n B2n3v sin γ cos γ
(4~2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i(sin θ)3−2/nk−2/nf˜(k)eq
' τe
4α
2/n
n B2n3v sin γ cos γΓ(2− 1/n)Γ(1/2)
4~2Γ(5/2− 1/n) (µ
−2/n +
K2BT
2pi2(n+ 2)µ−2−2/n
3n2
) (B23)
σ(3)yz =
τe3α
1/n
n Bn2 cos γ
(2~2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i(sin θ)3−1/n sinφk1−1/nf˜(k)eq
' τe
4α
2/n
n B2n3v sin γ cos γΓ(3− 1/n)Γ(1/2)
4~2Γ(7/2− 1/n) (µ
−2/n +
K2BT
2pi2(n+ 2)µ−2−2/n
3n2
) (B24)
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σ(4)yz =
τe3Bnv sin γ
(2~2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i sin θ cos θf˜(k)eq
' τe
4α
2/n
n B2n3v sin γ cos γΓ(2− 1/n)Γ(3/2)
4~2Γ(7/2− 1/n) (µ
−2/n +
K2BT
2pi2(n+ 2)µ−2−2/n
3n2
) (B25)
Therefore, the chiral anomaly term in σPHyz is proportional to B
2 cos γ sin γ(n3µ−2/n + nT 2µ−2−2/n). The complete σyz is
proportional to B2 cos γ sin γ(n3µ2−2/n + nT 2µ−2/n + n3µ−2/n + nT 2µ−2−2/n).
We note that γ = 0 corresponds to the regular setup where B and E lie in two different planes. The above results reduce to
the regular result for LMC and PHC if γ is set to zero.
Appendix C: Calculation for TECs and PNC in setup 2: PNE
We shall now compute the thermo-electrical coefficients for transport. The magetic field here is assumed to have the form:
B = B cos γjˆ +B sin γyˆ and ∇T = ∇T jˆ with j = x, z. The longitudinal transport coefficient are given by αjj
αjj = e
∫
d3k
(2pi)3
τD
(− µ)
T
[(vj +
eB cos γ
~
(vk ·Ωk))2]
(
∂feq
∂
)
(C1)
the individual terms are represented as
α
(1)
jj = τe
∫
d3k
(2pi)3
(− µ)
T
(vj)
2
1 + eB(cos γΩj + sin γΩy)
(
∂f0
∂
)
, (C2)
α
(2)
jj = τe
3B
2 cos2 γ
~2
∫
d3k
(2pi)3
(− µ)
T
(Ωk · vk)2
1 + eB(cos γΩj + sin γΩy)
(
∂f0
∂
)
, (C3)
α
(3)
jj = τe
2B cos γ
~
∫
d3k
(2pi)3
(− µ)
T
(vj)(Ωk · vk)
1 + eB(cos γΩj + sin γΩy)
(
∂f0
∂
)
, (C4)
(C5)
α
(1)
xx is given by
α(1)xx =
τen
Tv(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cosφ)2(cos(φ− γ))i(sin θ)3+i(2−1/n)∫ ∞
0
dk(k − µ)k2−i(1+1/n)f˜(k)eq
' τen
Tv(2pi)3
(pi3/2Γ(2)
Γ(5/2)
(−pi
2µK2BT
2
3
)
+ n(eBvα1/nn µ
−1−1/n/2)2
pi3/2(2 cos2 γ + 1)Γ(4− 1/n)
16Γ(9/2− 1/n) (
pi2K2BT
2µ−1−2/n
3
)
)
(C6)
Similarly, α(2)xx is given by
α(2)xx =
vτe3n3α
2/n
n B2 cos2 γ
4T~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i(sin θ)3−2/n+i(2−1/n)∫∞
0
dk(k − µ)k−2/n−i(1+1/n)f˜(k)eq
' vτe
3n2α
2/n
n B2pi3/2 cos2 γ
2T~2(2pi)3
Γ(2− 1/n)
Γ(5/2− 1/n) (
pi2K2BT
2µ−1−2/n
3
) (C7)
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Similarly, α(3)PNxx is given by
α(3)xx =
τe2n2α
1/n
n B cos γ
2T~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i(sin θ)3−1/n+i(2−1/n)∫∞
0
dk(k − µ)k1−1/n−i(1+1/n)f˜(k)eq
' −vτe
3n2α
2/n
n B2pi cos2 γ
2T~2(2pi)3
Γ(3− 1/n)Γ(3/2)
Γ(7/2− 1/n) (
pi2K2BT
2µ−1−2/n
3
) (C8)
Therefore, the chiral anomaly term in αxx is proportional to n2B2T cos2 γµ−1−2/n. The complete αxx is proportional to
T (−µn+B2µ−1−2/nn2 cos2 γ).
In the same fashion, one can compute σzz = σ
(1)
zz + σ
(2)
zz + σ
(3)
zz .
α(1)zz =
τevα
−2/n
n
nT (2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i(k − µ)k2/n(sin θ)2/n−1 cos2 θf˜(k)eq
' τe
2vα
−2/n
n
nT (2pi)3
(
2piΓ(1/n)Γ(3/2)
Γ(1/n+ 3/2)
(−K
2
BT
2pi2µ2/n−1
3n
)
− e
2B2n3α
4/n
n cos2 γΓ(2− 1/n)Γ(5/2)
3~Γ(9/2− 1/n) (
K2BT
2pi2µ−2/n−1
3
)) (C9)
α
(2)
zz is given by
α(2)zz =
τe3B2vn3vα
2/n
n cos2 γ
4T (2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i(k − µ)k−2/n(sin θ)3−2/nf˜(k)eq
' τe
3B2vn2vα
2/n
n cos2 γ
4T (2pi)3
2pi3/2Γ(2− 1/n)
Γ(5/2− 1/n) (
K2BT
2pi2µ−2/n−1
3
) (C10)
α
(3)
zz is given by
α(3)zz =
τe2Bnv cos γ
2T (2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos γ cos θ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i sin θ cos θ(k − µ)f˜(k)eq
' τe
3B2vn2vα
2/n
n cos2 γΓ(2− 1/n)Γ(3/2)
4TΓ(7/2− 1/n)(2pi)3 (
K2BT
2pi2µ−2/n−1
3
) (C11)
Therefore, the chiral anomaly term in αzz is proportional to n2B2T cos2 γµ−1−2/n. The complete αzz is proportional to
T (−µ2/n−1/n2 +B2µ−1−2/nn2 cos2 γ).
The expression for chiral anomaly induced transverse thermo-electrical coefficients in PN setup αyj can similarly be decom-
posed into four parts:αPNyj = α
(1)
yj + α
(2)
yj + 2α
(3)
yj + α
(4)
yj . The complete form is given by
αyj = e
∫
d3k
(2pi)3
D
(− µ)
T
τ
(
∂feq
∂
)
[(vy +
eB sin γ
~
(vk ·Ωk))(vj + eB cos γ~ (vk ·Ωk))] (C12)
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and the individual terms are represented as
α
(1)
yj = τe
∫
d3k
(2pi)3
(− µ)
T
(vyvj)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (C13)
α
(2)
yj = τe
3B
2 cos γ sin γ
~2
∫
d3k
(2pi)3
(− µ)
T
(Ωk · vk)2
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (C14)
α
(3)
yj = τe
2B cos γ
~
∫
d3k
(2pi)3
(− µ)
T
(vy)(Ωk · vk)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (C15)
α
(4)
yj = τe
2B sin γ
~
∫
d3k
(2pi)3
(− µ)
T
(vj)(Ωk · vk)
1 + eB(cos γΩj + sin γΩy)
(
−∂f0
∂
)
, (C16)
(C17)
First we compute α(1)yx where
α(1)yx =
τen
2Tv(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i sin(2φ)(sin θ)3+i(2−1/n)∫∞
0
(k − µ)dkk2−i(1+1/n)f˜(k)eq
' pi
−3/2Γ(4− 1/n)
16~2Γ(9/2− 1/n) cos γ sin γe
3τn2B2vα2/nn (
K2BTpi
2µ−1−2/n
3
) (C18)
α
(2)
yx is given by
α(2)yx =
τe3B2n3α
2/n
n v sin γ cos γ
4T~2(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i(sin θ)3−2/n+i(2−1/n)∫∞
0
dk(k − µ)k−2/n−i(1+1/n)f˜(k)eq
' Γ(2− 1/n)
16pi3/2~2Γ(5/2− 1/n) cos γ sin γe
3τn2B2vα2/nn (
K2BTpi
2µ−1−2/n
3
) (C19)
α
(3)
yx is given by
α(3)yx =
τe2Bn2α
1/n
n v cos γ
2T~(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i sinφ(sin θ)3−1/n+i(2−1/n)∫∞
0
(k − µ)dkk1−1/n−i(1+1/n)f˜(k)eq
' − Γ(3− 1/n)
32pi3/2~2Γ(7/2− 1/n) cos γ sin γe
4τn2B2vα2/nn (
K2BTpi
2µ−1−2/n
3
) (C20)
α
(4)
yx is given by
α(4)yx =
τe2Bn2α
1/n
n v sin γ
2T~(2pi)3
∑
i
(−eBnvα1/nn /2~)i
∫ pi
0
dθ
∫ 2pi
0
dφ(cos(φ− γ))i cosφ(sin θ)3−1/n+i(2−1/n)∫∞
0
(k − µ)dkk1−1/n−i(1+1/n)f˜(k)eq
' − Γ(3− 1/n)
32pi3/2~2Γ(7/2− 1/n) cos γ sin γe
3τn2B2vα2/nn (
K2BTpi
2µ−1−2/n
3
) (C21)
Therefore, the chiral anomaly term and complete αyx are both proportional to TB2n2 cos γ sin γµ−1−2/n.
On the other hand, α(1)yz is given by
α(1)yz =
τeα
−1/n
n
(2Tpi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk(k − µ)
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i cos θ sinφ(sin θ)1+1/nk3+1/nf˜(k)eq
' −piΓ(3− 1/n)Γ(3/2)
~2Γ(9/2− 1/n) cos γ sin γe
3τn2B2vα2/nn (
K2BTpi
2(2n− 2)µ1−2/n
6
) (C22)
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α(2)yz =
τe3α
2/n
n B2n3v sin γ cos γ
(4T~2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk(k − µ)
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i(sin θ)3−2/nk−2/nf˜(k)eq
' τe
3α
2/n
n B2n2v sin γ cos γΓ(2− 1/n)Γ(1/2)
4~2Γ(5/2− 1/n) (
K2BTpi
2µ−1−2/n
3
) (C23)
α(3)yz =
τe2α
1/n
n Bn2 cos γ
(2T~2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk(k − µ)
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i(sin θ)3−1/n sinφk1−1/nf˜(k)eq
' τe
3α
2/n
n B2n2v sin γ cos γΓ(3− 1/n)Γ(1/2)
4~2Γ(7/2− 1/n) (
K2BTpi
2µ−1−2/n
3
) (C24)
α(4)yz =
τe2Bnv sin γ
(2T~2pi)3
∫ pi
0
dθ
∫ 2pi
0
dφ
∫ ∞
0
dk(k − µ)
∑
i
(−eB(n2α2/nn k−2/n(sin θ)2−2/n cos θ cos γ
+ nvα1/nn k
−1−1/n(sin θ)2−1/n sinφ sin γ)/2~)i sin θ cos θf˜(k)eq
' τe
3α
2/n
n B2n2v sin γ cos γΓ(2− 1/n)Γ(3/2)
4~2Γ(7/2− 1/n) (
K2BTpi
2µ−1−2/n
3
) (C25)
Therefore, the chiral anomaly tern in αPNyz is proportional to TB
2n2 cos γ sin γµ−1−2/n, the complete αyz ∝
n2TB2 cos γ sin γ(µ−1−2/n + µ1−2/n).
We note that γ = 0 corresponds to the regular setup where B and ∇T lie in two different planes. The above results reduce to
the regular result for LTEC and TTEC if γ is set to zero.
1 S. Murakami, New J. Phys. 9, 356 (2007).
2 X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov, Phys.
Rev. B 83, 205101 (2011).
3 S. Murakami, S. Iso, Y. Avishai, M. Onoda, and N. Nagaosa, Phys.
Rev. B 76, 205304 (2007).
4 M. E. Peskin, and D. V. Schroeder, An introduction to quantum
field theory, Westview, (1995).
5 K. Y. Yang, Y. M. Lu, and Y. Ran, Phys. Rev. B 84, 075129 (2011).
6 A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).
7 A. A. Burkov and Leon Balents, Phys. Rev. Lett. 107, 127205,
(2011).
8 G. E. Volovik, Universe in a helium droplet, (Oxford University
Press, 2003).
9 G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Phys. Rev. Lett.
107, 186806 (2011).
10 H. B. Nielsen and M. Ninomiya, Phys. Lett. B 105 219 (1981).
11 H. B. Nielsen and M. Ninomiya, Phys. Lett. B 130, 389 (1983).
12 D. Xiao, M. C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959
(2010).
13 B. Q. Lv, N. Xu, H. M. Weng, J. Z. Ma, P. Richard, X. C. Huang,
L. X. Zhao, G. F. Chen, C. E. Matt, F. Bisti, V. N. Strocov, J.
Mesot, Z. Fang, X. Dai, T. Qian, M. Shi, and H. Ding, Nature
Physics 11, 724-727 (2015).
14 Xiaochun Huang, Lingxiao Zhao, Yujia Long, Peipei Wang, Dong
Chen, Zhanhai Yang, Hui Liang, Mianqi Xue, Hongming Weng,
Zhong Fang, Xi Dai, and Genfu Chen Phys. Rev. X 5, 031023
(2015).
15 Su-Yang Xu, Ilya Belopolski, Nasser Alidoust, Madhab Neupane,
Guang Bian, Chenglong Zhang, Raman Sankar, Guoqing Chang,
Zhujun Yuan, Chi-Cheng Lee, Shin-Ming Huang, Hao Zheng, Jie
Ma, Daniel S. Sanchez, BaoKai Wang, Arun Bansil, Fangcheng
Chou, Pavel P. Shibayev, Hsin Lin, Shuang Jia, M. Zahid Hasan,
Science 349 9297 (2015).
16 Y. Wu and D. Mou and N. H. Jo and K. Sun and L. Huang and
S. Bud’Ko and P. Canfield and A. Kaminski, Phys. Rev. B, 94,
121113 (R) (2016).
17 J. Jiang, Z.K. Liu, Y. Sun, H.F. Yang, C.R. Rajamathi, Y.P. Qi,
L.X. Yang, C. Chen, H. Peng, C. C. Hwang, S.Z. Sun, S. K. Mo,
I. Vobornik, J. Fujii, S.S.P. Parkin, C. Felser, B.H. Yan, and Y.L.
Chen, Nat. com. 13973 (2017).
18 G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Phys. Rev. Lett.
107, 186806 (2011).
19 C. Fang, M. J. Gilbert, X. Dai, and B. A. Bernevig, Phys. Rev.
Lett. 108, 266802 (2012).
20 S.-M. Huang, S.-Y. Xu, I. Belopolski, C.-C. Lee, G. Chang, T.-R.
Chang, B. Wang, N. Alidoust, G. Bian, M. Neupane, D. Sanchez,
H. Zheng, H.-T. Jeng, A. Bansil, T. Neupert, H. Lin, and M. Z.
Hasan, Proc. Nat. Acad. Sci. USA 113, 1180 (2016).
21 Q. Liu and A. Zunger, Phys. Rev. X 7 021019 (2017).
22 B. J. Yang and N. Nagaosa, Nat. Comm. 5, 4898 (2014).
23 E. McCann and V. I. Falko, Phys. Rev. Lett. 96, 086805 (2006).
21
24 F. Guinea, A. H. Castro Neto, and N. M. R. Peres, Phys. Rev. B
73, 245426 (2006).
25 H. Min and A. H. MacDonald, Phys.Rev.B 77, 155416 (2008).
26 P. Goswami and S. Tewari, Phys. Rev. B 88, 245107 (2013).
27 J. S. Bell and R. A. Jackiw, Nuovo Cimento A 60, 47 (1969).
28 V. Aji, Phys. Rev. B 85 241101 (2012).
29 S. Adler, Phys. Rev. 177, 2426 (1969).
30 A. A. Zyuzin, S. Wu, and A. A. Burkov, Phys. Rev. B 85, 165110
(2012).
31 A. A. Burkov, Journal of Physics: Condensed Matter, 27, 113201
(2015).
32 D. T. Son and B. Z. Spivak, Phys. Rev. B 88, 104412 (2013).
33 Pavan Hosur, Xiaoliang Qi, Comptes Rendus Physique, 14, 857-
870 (2013).
34 Ki-Seok Kim, Heon-Jung Kim, and M. Sasaki, Phys. Rev. B 89,
195137, (2014).
35 R. Lundgren, P. Laurell, and G.A. Fiete, Phys. Rev. B 90, 165115
(2014).
36 G. Sharma, P. Goswami, and S. Tewari, Phys. Rev. B 93, 035116
(2016).
37 V. A. Zyuzin, Phys. Rev. B 95, 245128, (2017).
38 A. A. Burkov, Phys. Rev. B 96, 041110(R) (2017).
39 S. Nandy, G. Sharma, A. Taraphder, and Sumanta Tewari, Phys.
Rev. Lett. 119, 176804 (2017).
40 S. Nandy, A. Taraphder, and Sumanta Tewari, Scientific Reports
8, 14983 (2018).
41 Y. J. Wang, J. X. Gong, D. D. Liang, M. Ge, J. R. Wang, W. K.
Zhu, C. J. Zhang, arXiv:1801.05929 (2018).
42 Zhenzhao Jia, Caizhen Li, Xinqi Li, Junren Shi, Zhimin Liao,
Dapeng Yu and Xiaosong Wu, Nat. Communications 7, 13013
(2016).
43 Yupeng Li, Zhen Wang, Pengshan Li, Xiaojun Yang, Zhixuan
Shen, Feng Sheng, Xiaodong Li, Yunhao Lu, Yi Zheng, and Zhu-
An Xu, Front. Phys., 12, 127205 (2017).
44 Yaojia Wang, Erfu Liu, Huimei Liu, Yiming Pan, Longqiang
Zhang, Junwen Zeng, Yajun Fu, Miao Wang, Kang Xu, Zhong
Huang, Zhenlin Wang, Hai-Zhou Lu, Dingyu Xing, Baigeng
Wang, Xiangang Wan, and Feng Miao, Nat. Communications 7,
13142 (2016).
45 Nitesh Kumar, Satya N. Guin, Claudia Felser, and Chandra
Shekhar, Phys. Rev. B 98, 041103(R) (2018).
46 F. C. Chen, X. Luo, J. Yan, Y. Sun, H. Y. Lv, W. J. Lu, C. Y. Xi, P.
Tong, Z. G. Sheng, X. B. Zhu, W. H. Song, and Y. P. Sun, Phys.
Rev. B 98, 041114(R) (2018).
47 R. Singha, S. Roy, A. Pariari, B. Satpati, and P. Mandal, Phys.
Rev. B 98, 081103(R) (2018).
48 P. Li, C. H. Zhang, J. W. Zhang, Y. Wen, and X. X. Zhang, Phys.
Rev. B 98, 121108(R) (2018).
49 D. D. Liang, Y. J. Wang, W. L. Zhen, J. Yang, S. R. Weng,
X. Yan, Y. Y. Han, W. Tong, L. Pi, W. K. Zhu, C. J. Zhang,
arXiv:1809.01290 (2018).
50 G. Sharma, C. Moore, S. Saha, S. Tewari, Phys. Rev. B 96, 195119
(2017).
51 E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P. O. Sukha-
chov, Phys. Rev. B 96, 155118 (2017).
52 F. Caglieris, C. Wuttke, S. Sykora, V. Sss, C. Shekhar, C. Felser,
B. Bchner, and C. Hess, Phys. Rev. B 98, 201107 (R) (2018).
53 Sarah J. Watzman, Timothy M. McCormick, Chandra Shekhar,
Shu-Chun Wu, Yan Sun, Arati Prakash, Claudia Felser, Nandini
Trivedi, and Joseph P. Heremans, Phys. Rev. B 97, 161404 (R)
(2018).
54 Tian Liang, Jingjing Lin, Quinn Gibson, Tong Gao, Max
Hirschberger, Minhao Liu, R.J. Cava, and N.P. Ong, Phys. Rev.
Lett., 118, 136601 (2017).
55 Yago Ferreiros, A. A. Zyuzin, and Jens H. Bardarson, Phys. Rev.
B 96, 115202 (2017).
56 Subhodip Saha and Sumanta Tewari, Eur. Phys. J. B 91, 4 (2018).
57 B. Roy, P. Goswami and V. Juricic, Phys. Rev. B, 95, 201102
(2017).
58 John. M. Ziman, Electrons and phonons: the theory of transport
phenomena in solids. Oxford, UK: Clarendon Press, (2001).
59 C. Duval, Z. Horvth, P. A. Horvthy, L. Martina, and P. C. Stichel,
Mod. Phys. Lett. B, 20, 373 (2006).
60 Dam Thanh Son and Naoki Yamamoto, Phys. Rev. Lett., 109,
181602 (2012).
